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A m e t h o d  i s  p r o p o s e d  fo r  c o n s t r u c t i n g  an o p e r a t i o n a l  c a l c u l u s ,  n a m e l y ,  by  ex t end ing  the 
c o n c e p t  of convo lu t ion  in  c e r t a i n  f unc t i ona l  r i n g s � 9  

L e t  L be  the s e t  of a l l  f unc t ions  d e f i n e d  on the i n t e r v a l  [0, ~o) and l o c a l l y  a d d i t i v e  wi th in  th i s  i n t e r v a l � 9  
T h e  convo lu t i on  of  func t ions  f, g ~ L wi l l  b e  d e n o t e d  a s  

t 

[*g -~ .I f ( t - - g ) g ( ~ ) d ~ .  (1) 
0 

If the p r o d u c t  a c c o r d i n g  to f o r m h l a  (1) i s  i n t r o d u c e d  in to  L and i f  a d d i t i o n  of func t ions  o r  m u l t i p l i c a -  
t i on  by  a n u m b e r  a r e  u n d e r s t o o d  in the  c o n v e n t i o n a l  s e n s e ,  then L b e c o m e s  a c o m m u t a t i v e  r i n g  wi thout  
d i v i s o r s  of z e r o  and  m a y  be  e x t e n d e d  to a f i e l d  of p a r t i c u l a r  ~0l s[1].  

L e t  w b e  a l i n e a r  o p e r a t o r  de f i ned  in  a l i n e a r  s e t  L w and c o v e r i n g  a r a n g e  of v a l u e s  which b e l o n g  to 
s e t  L .  

We wi l l  p o s t u l a t e  tha t  

1% w f = 0 m a k e s f = 0 ;  

2 ~ F o r  a l l  f,  g E L w t h e r e  e x i s t s  such  an  e l e m e n t  h ~ L w tha t  

o~[ ,o~g=_o~h. (2) 

S ince  Leo i s  a l i n e a r  s e t ,  hence  f + g and  Xf a r e  d e f i n e d  in L w. If we now i n t r o d u c e  the p r o d u c t  fo r  
a l l  f ,  g ~ L w, a s s u m i n g  

fg = f . g  = co - 1  ( , # . o ~ g )  = h ,  ( 3 )  

then  L w b e c o m e s  a c o m m u t a t i v e  r i n g  wi thou t  d i v i s o r s  of z e r o .  L e t  l 0 be  s o m e  f ixed  e l e m e n t  of r i n g  Leo. 
L e t  U deno te  a l i n e a r  o p e r a t o r  d e f i n e d  f o r  a l l  f ~ Leo b y  the cond i t i on  

U[ = lo[. (4) 

Evidently, for all f, g E L w we have 

U (fg) = Uf .g  = f .Ug.  (5) 

L e t  M 0 deno te  the i d e a l  in the  r i n g  L w g e n e r a t e d  by  e l e m e n t  10. The  e l e m e n t s  of i d e a l  M 0 wi l l  be  d e n o t e d  
b y  l e t t e r s  F ,  G, H . . . . .  and  n u m b e r s  w i l l  be  d e n o t e d  by  k ,  #,  v . . . . .  If f ~ M0, then t h e r e  obv ious ly  e x i s t s  
such  an  e l e m e n t  f ~ L w tha t  

F = U[. (6) 

F o r  the  e l e m e n t s  of  i d e a l  M 0 we i n t r o d u c e  m u l t i p l i c a t i o n ,  a s s u m i n g  tha t  fo r  a l l  F ,  G E M 0 

F| G = U -1 (FG). (7) 

The  o p e r a t o r  U - t  h e r e  i s  the r e c i p r o c a l  of U. Such an o p e r a t o r  e x i s t s ,  s i n c e  Uf = 0 m a k e s  co -1 
�9 (col0*wf) = 0 and  th i s ,  in t u rn ,  m a k e s  COlo*wf = O. H o w e v e r ,  col 0 ~ 0 (l 0 # 0) and ,  t h e r e f o r e ,  wf = 0 
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m a k e s  f = 0. We wi l l  p r o v e  tha t  F | G E M 0. Indeed  (see  (5) and  (6)), 

F| a = g -~ (F.6) = U -~ (U:.Ug) = hUg = U (:.g) E Mo. (8) 

Obviously, the product is commutative, associative, and distributive. Element I 0 does not necessarily 
belong to ideal M 0, since ring Leo does not necessarily include unity. For all F E M 0, however, we have 

F | = U-X (F.lo) = U-X (U[.lo) = [ . l  o = lo. [ = U[ = F, (9) 

l o |  = u -~  (lo. lo) = u -~ (Uto) = lo. 

T h u s ,  i f  a p r o d u c t  in M 0 i s  u n d e r s t o o d  in the  s e n s e  (7) and  i f  a d d i t i o n  o r  m u l t i p l i c a t i o n  by  a n u m b e r  
a r e  u n d e r s t o o d  a s  o p e r a t i o n s  de f i ned  in L w ~ M  0, then M 0 b e c o m e s  a c o m m u t a t i v e  r i n g .  T h i s  r i n g  does  
not  n e c e s s a r i l y  i nc lude  u n i t y .  If r i n g  M 0 i s  e x t e n d e d  by  c o n n e c t i n g  to i t  a l l  e l e m e n t s  of  the f o r m  kl0 (?, i s  
an  a r b i t r a r y  n u m b e r ) ,  then e l e m e n t  l 0 in the  e x t e n d e d  r i n g  M is  un i t y .  We wi l l  p r o v e  tha t  M does  not  have  

d i v i s o r s  of  z e r o .  L e t F + A / 0 ~ M a n d G + ~ / 0 ~ M ,  w h e r e F ~ M 0 a n d G ~ M 0 ,  f ~  

(F + Mo)| --? ~tlo) = O, 

o r  

o r  (see  (9)) 

or (see (5), (6)) 

or (see (4)) 

F |  + Mo| + vF| + )~lo| = O, 

F |  + ~G + ~F + )4tlo = O, 

u fig) -,- ~ug  + ~,U: -; ~.~to = o, 

lo[g + )Jog + ~ld  --  ~,ato = O. 

M u l t i p l y i n g  both  s i d e s  of the l a s t  e q u a l i t y  by  l 0, we ob ta in  

lo[.log _~- )do.log + ~do.lof + ~do.pl o = O, 

which  m a k e s  

qo[ + ~lo) (log § ~ao) = O. 

Since  r i n g  I_ w has  no d i v i s o r s  of z e r o ,  hence  i t  f o l l ows  f r o m  the l a s t  e q u a l i t y  tha t  l0 f + Xl0 s 0  if tog 

+ ~ 1 0 =  0 and f r o m  h e r e  G + p l 0  = 0 .  

T h u s ,  r i n g  M can  be  e x t e n d e d  to the f i e ld  of  p a r t i c u l a r  9J} cos. l e t  

Ul o := lol o = o" C Mo, (10) 

then fo r  F ~ M 0 we have  

~ |  : :  U -~ (cs. F) = U -1 (UtoF) = loF = UF. (11) 

C o n s e q u e n t l y ,  o p e r a t o r  U in r i n g  M 0 i s  i d e n t i c a l  to m u l t i p l i c a t i o n  by  ~. L e t  

l-A~ = Q E 9J2~. (12) 
ff 

The  ~J}l w f i e ld  c o n t a i n s  s e t  L w. One m a y  a s s u m e  

F 
- - : [ ,  F = U f E M o .  

O: 

In th is  way ,  
,~| [EL,o. (13) 

F o r  F ~ M 0 we have  

QF = [ = U-IF. (14) 
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We will now prove that0)2 w is isomorphous with some subfield of opera tor  !l~. Let  

F1 F, 

where F1, G1, F2, and G 2 belong to M. We map ~ w  into 9~, assuming for all o = F /G Eg}l w 

a ~ oa = o~F/oG E 9~l. (15) 

Here the operation of division in field 9~ is denoted by the slanted d a s h / .  Let  a 1 = FI /G 1 and a2 = F2/G2. 
Then 

Fi F~ _ Fi| + F~| " Fx@F~ 
a i + ao = -~1 + G~ 61| , aia~ = GI@G------~ 

We will now prove that 

o~ (al + a.,) = coal + r o (aia2) = oai*oa,. 

For  convenience, we cons ider  f i r s t  the second of these equalit ies.  By virtue of (11) and (5), we have 

FI| ~| Fl| F~ UFI| F2 U -t  (UF1F~) F1F ~ axa~ . . . . . .  
61| " ~|174 G~ UGt @6~. U -I (UG16~) GiGs 

There fo re  (see (3)), 

o) ( a i % )  = o)FIF~/(oG1G ~ = o)Fi  *oFz / (oG i  , e)G 2 = coFi/e)Gi * o  F,/(oG~ = (oai .o)a~ .. 

The f i r s t  equality in (16) is proved analogously.  Operator  a = F /G e 92 w will be called Laplace t r ans -  
formable,  if opera tor  wa E 9~ is Laplace t ransformable .  It is easy to demonst ra te  that the set  of all 
Laplace t rans formable  opera tors  9R consti tutes a subfield which wilt be denoted by 9~ w. To every  opera tor  
a = F /G  ~ ~w cor responds  a function of the complex variable a(p) ,  namely 

00 

a--,-a'(p) = [ (oFe -pt d t /  f ( o G e - "  dt .  
O 0 

For instance,  

~--+(o~ = r = olo/r 

(16) 

(17) 

and if 

.f (~176 dt, 
0 

exists ,  then 

(p) = 1 (18) 
o0 

I" ~176 dt 
0 

It may happen that a product  defined according to (3) is meaningful for a l a rge r  set  of elements  than Lw. 
In this case,  and if the r ing is extendable, the extended r ing may be considered in lieu of L w. 

A simple i l lustrat ion of the proposed  theory would be the case  where ~o is an idem t ransformat ion  
(w =l) and l 0 = 1 .  

Then 

t 

u f  = .f f (u) du, Ulo = t, 
0 

M 0 is the set  of all functions representable  in the form 
t 

F (t) = ~ f (u) du; 
0 

M is the set  of all functions of the form 

d 
U - l =  dt ' 

t 

.I f ( u ) d u + C ,  fEL ,  
0 
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with an a r b i t r a r y  constant  C, and 

t 

0 

with a c l a s s i ca l  opera t ional  calculus  thus having been cons t ruc ted  [1]. 

We note, in conclusion,  that f * g  in (1) may be r e g a r d e d  not only as a convolution but a lso  any other  
product  of functions with r e s p e c t  to which the or ig ina l  se t  cons t i tu tes  a r ing.  
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